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Abstract
Let R be a complete discrete valuation ring of mixed characteristic with perfect residue field,
and let H be a finite local commutative R-Hopf algebra. We consider when there exists a finite
extension of the field of fractions of R, whose valuation ring is a Galois H -object. If this occurs
then H is monogenic. Conversely, if H is also cocommutative and H is monogenic, then there exists
a valuation ring which is a Galois H -object. To prove this result, we represent H as the kernel of
an isogeny of a special type between formal groups over R. We deduce that if A is a finite abelian
R-Hopf algebra, such that both A and its dual are local, then A is the associated order of a valuation
ring if and only if the dual of A is monogenic.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be a complete discrete valuation ring whose field of fractions K is of
characteristic 0, and whose residue field is perfect and of characteristic p > 0. We will
be concerned with a problem of Galois module structure over R. Let L be a finite normal
extension of K with Galois group G = Gal(L/K). The valuation ring S of L is then
a module over its associated order
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in the group algebra K[G]. If the extension L/K is at most tamely ramified then A = R[G]
is the integral group ring, and S is a free A-module of rank 1. If, on the other hand, L/K is
wildly ramified then A  R[G]. In general, S will not be free over A, although S is known
to be free in a number of special cases. In particular, if A is a Hopf order in the K-Hopf
algebra K[G], then S is necessarily free over A. It is therefore of interest to determine
under what circumstances the associated order A is a Hopf order. In this direction, suppose
that K is a finite extension of Qp , that L/K is a totally ramified abelian extension of
degree pn, and that A is a local ring. It was shown in [B1] that, under these hypotheses,
a necessary (but not sufficient) condition for A to be a Hopf order is that the ramification
numbers t of L/K must all satisfy t ≡ −1 (modpn).
In this paper, we turn the question around and ask, for a given Hopf order A in a group
algebra K[G], whether there exists a normal field extension L of K , with Gal(L/K)∼= G,
for which A is the associated order of the valuation ring S of L. We shall suppose that both
A and its dual Hopf order H are local rings. This forces G to be a p-group, and L/K (if it
exists) to be totally ramified. When G is abelian, our question then has a surprisingly simple
answer: A is the associated order of some valuation ring if and only if H is monogenic as
an R-algebra. Without the assumption that G is abelian, we still have the implication in
one direction: if A occurs as the associated order of a valuation ring, then H must be
monogenic.
In order to realise A as the associated order of a valuation ring, we first establish an
embedding theorem, Theorem 5.4, showing that (the group scheme represented by) H
can be embedded as the kernel of an isogeny in (the formal scheme corresponding to)
a formal group over R. The idea of using isogenies of formal groups to obtain results on
Galois module structure originated with Taylor [T1,T2], who considered certain extensions
arising from Lubin–Tate formal groups. This was put in a more general context by
Moss [CM,Mo]; see also [BB]. If we could obtain the monogenic Hopf algebra H from an
isogeny of 1-dimensional formal groups, then Moss’ results would immediately allow us
to construct a corresponding valuation ring S. We shall in fact use a variation of this idea:
our embedding theorem realises H as the kernel of an isogeny of a special form between
higher dimensional formal groups.
Although we have so far described our problem in terms of normal extensions L/K
and Hopf orders in the group algebra K[G], we shall work in a more general context. We
replace K[G] by an arbitrary finite-dimensional, cocommutative Hopf algebra A over K .
Instead of normal extensions L/K , we consider fields L on which A acts so as to give L a
Hopf–Galois structure in the sense of [GP]. Equivalently, the action of A on L turns L into
a comodule algebra for the dual Hopf algebra B of A, and our assumption is that L is then
a Galois B-object in the sense of [CS]. Now let S be the valuation ring of L, and define the
associated order A of S in A by
A = {α ∈A | α · S ⊆ S}.
We impose the hypothesis that A is a local ring. If A is a Hopf order it then follows
that S is a Galois A-algebra. Equivalently, S is a Galois H -object, where H is the
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commutative cocommutative finite R-Hopf algebra H , there exists a Galois H -object
which is a valuation ring if and only if H is monogenic (with one implication still true
if H is not assumed cocommutative). This is restated in terms of associated orders in
Theorem 6.3.
In more detail, the structure of the paper is as follows. In the next two sections, we
establish some notation and recall the facts we shall need concerning Hopf algebras and
formal groups. Further details can be found in [C2,F2]. There is nothing essentially new
in these sections, except possibly for our description of the kernel of a morphism from the
formal Hopf algebra of a commutative formal group to a finite Hopf algebra (Lemma 3.1).
In Section 4 we give some technical results on algebras over a field k, which are then used
to prove the embedding theorem in Section 5, and hence the main results Theorems 6.1
and 6.3 in the following section.
Our work is somewhat similar in spirit to results of Bondarko [Bo], who shows that if
L/K is a totally ramified abelian extension of degree pn, such that the valuation ring S of
L is free over its associated order A in K[G], and if furthermore A is connected and the
different of L/K is generated by an element of K , then A is in fact a Hopf order, and comes
from a finite subgroup of a one-dimensional formal group. The condition on the different
is automatically satisfied when A is a Hopf order. Combining our results with Bondarko’s,
it follows that any connected, coconnected Hopf order in a commutative group algebra
does in fact arise from an isogeny of one-dimensional formal groups. It seems likely that
Bondarko’s methods would extend to Hopf orders in other Hopf algebras (that is, to “non-
classical” Hopf Galois structures on an extension of local fields), at least in cases when the
hypothesis on the different still holds. For totally ramified normal field extensions L/K of
degree p2, this hypothesis holds in most, but not all, cases where the associated order in
some Hopf–Galois structure on L/K is a Hopf order (namely, whenever j is divisible by
p in [B2, Theorem 8.1]). The author expects this to be true more generally.
We refer the reader to the book of Childs [C2] for a thorough overview of Hopf–Galois
theory and the use of Hopf algebras in studying integral Galois module structure.
2. Hopf algebras and their objects
In this section we recall the facts we shall need about Hopf algebras. Until further notice,
R will be an arbitrary commutative ring.
Let H be an R-Hopf algebra. We write
∆ :H →H ⊗R H, ε :H →R, λ :H →H
for the comultiplication, augmentation, and antipode of H , respectively. We also use
Sweedler’s notation
∆(h) =
∑
h(1) ⊗ h(2),
(h)
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H+ = {h ∈H ∣∣ ε(h) = 0}.
We say that H is abelian if it is both commutative and cocommutative.
An R-algebra is said to be finite if it is finitely generated and projective as an R-module.
If H is a finite R-Hopf algebra, then its R-linear dual H ∗ = HomR(H,R) is also a finite
R-Hopf algebra, and (H ∗)∗ ∼= H as Hopf algebras. The standard example is H = R[G],
the group ring over R of a finite group G, with
∆
(∑
g∈G
agg
)
=
∑
g∈G
agg ⊗ g, ε
(∑
g∈G
agg
)
=
∑
g∈G
ag,
λ
(∑
g∈G
agg
)
=
∑
g∈G
agg
−1.
Then H ∗ = Map(G,R), the algebra of R-valued functions on G, with structure maps
∆(f )
(
g,g′
)= f (gg′), ε(f ) = f (1), λ(f )(g) = f (g−1)
for f ∈ H ∗ and g,g′ ∈ G. In the expression for ∆(f ), we have made the obvious identifi-
cation H ∗ ⊗R H ∗ ∼= Map(G×G,R).
The following definitions are due to Chase and Sweedler [CS].
Definition 2.1. Let S be a finite commutative R-algebra which is a right H -comodule via
ρ :S → S ⊗R H, ρ(s) =
∑
(s)
s(0) ⊗ s(1).
Then S is an H -object if
ρ(st) =
∑
(s),(t)
s(0)t(0) ⊗ s(1)t(1) for all s, t ∈ S, ρ(1) = 1 ⊗ 1
(that is, S is a right H -comodule algebra, or, equivalently, ρ is a homomorphism of
R-algebras ). Furthermore, if the R-linear map
γ :S ⊗R S → S ⊗R H, γ (s ⊗ t) = (s ⊗ 1)ρ(t)
is bijective, then S is a Galois H -object.
Remark 2.2. When H and S are commutative, S is a Galois H -object if and only if the
scheme Spec(S) is a principal homogeneous space for the group scheme Spec(H) over
Spec(R).
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dule is a left A-module, and conversely. In particular, if S is an H -object then S is a left
A-module algebra, that is
a · (st) =
∑
(a)
(
a(1) · s
)(
a(2) · t
)
, a · 1 = ε(a).
Then S is a Galois H -object if and only if, in addition, the map j :S ⊗ A → EndR(S)
defined by j (s ⊗ a)(t) = s(a · t) is bijective.
Definition 2.3. S is a Galois A-algebra if S is a Galois H -object, where H ∗ = A.
A weaker notion was introduced by Childs and Hurley [CH]. Let A be a finite R-Hopf
algebra, and set
I = {a ∈ A ∣∣ ba = ε(b)a for all b ∈A},
the ideal of left integrals of A. Let S be a finite left A-module algebra, and set
SA = {s ∈ S ∣∣ a · s = ε(a)s for all a ∈ A}.
Definition 2.4. S is a tame A-algebra (or a tame H -object, where H ∗ = A) if S and A
have the same rank as projective R-modules, S is a faithful A-module, and IS = SA = R.
This generalises the classical notion of tame ramification: if S is the valuation ring of
a field L, normal over K with Galois group G, then L/K is at most tamely ramified if and
only if S is a tame A-algebra for the R-Hopf algebra A = R[G].
Recall that a ring S (not necessarily commutative) is local if it has a unique maximal
left ideal. This then coincides with the Jacobson radical J (S) of S. If an R-Hopf algebra
H is local then, since H = R · 1 ⊕H+ as R-modules, R must be local, with maximal ideal
p say, and we then have J (H) = p · 1 + H+ and H/J (H) ∼= R/p. For finite local Hopf
algebras, tame and Galois algebras are the same thing.
Lemma 2.5. Let A be a finite R-Hopf algebra. Then any Galois A-algebra is a tame
A-algebra. Conversely, if A is local, then any tame A-algebra is a Galois A-algebra.
Proof. The first assertion is [CH, (2.3)]. The second is due to Waterhouse, see [C2,
(14.7)]. 
We next consider finite (= finite-dimensional) Hopf algebras over a field K of characte-
ristic 0. Let Kc denote the algebraic closure of K , and let Ω = Gal(Kc/K) be the absolute
Galois group of K . An Ω-group is a group Γ together with a continuous action of Ω on
Γ as automorphisms.
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algebra then H = MapΩ(Γ,Kc), the algebra of Ω-invariant Kc-valued functions on
some finite Ω-group Γ . Explicitly, the elements of Γ can be taken to be the K-algebra
homomorphisms γ :H → Kc. If A is a finite cocommutative K-Hopf algebra then A =
(Kc[Γ ])Ω , the fixed points under Ω of the group algebra Kc[Γ ] of some finite Ω-group Γ .
Proof. As H is a commutative, finite-dimensional Hopf algebra over a field of character-
istic 0, it is reduced, and therefore separable, so that H is as asserted (see [Wat, 11.4, 6.3]).
(In geometric terms, the finite group scheme Spec(H) is étale, and is therefore a twisted
constant group.) The description of A now follows on taking duals. 
Now let R be a Dedekind domain with field of fractions K of characteristic 0. An
R-order S in a finite-dimensional K-algebra A is an R-subalgebra of A, finitely generated
as an R-module, which spans A over K . Any such S is necessarily a finite R-algebra,
and, conversely, any finite R-algebra S may be identified with the R-order S ⊗ 1 in the
finite-dimensional K-algebra S ⊗R K . If A is an order in a finite-dimensional K-Hopf
algebra A, then we say that A is a Hopf order in A if the operations ∆, ε, λ on A induce
on A the structure of an R-Hopf algebra. Any finite R-Hopf algebra H is a Hopf order in
the K-Hopf algebra H ⊗R K .
Let A be a finite-dimensional K-Hopf algebra, let L be a Galois A-algebra, and let S
be an R-order in L. We define the associated order of S in A to be
A(S) = {α ∈A | α · S ⊆ S}.
Then A(S) is an order in A, and S is an A(S)-module. In general, A(S) will not be a Hopf
order, and S need not be free over A. We do however have the following result, which
provides much of the motivation for the present work.
Lemma 2.7. Let A be a Hopf order in a cocommutative, finite-dimensional K-Hopf
algebra A. Let S be an R-order in a Galois A-algebra L. Then the following are
equivalent:
(i) A · S ⊆ S, and S is free as an A-module;
(ii) A = A(S);
(iii) S is a tame A-algebra.
Moreover, if A is local then these are equivalent to
(iv) S is a Galois A-algebra.
Proof. (i) ⇒ (ii). Since A and L have the same dimension over K , it follows from (i) that
S is free over A on one generator, t say. Then
A(S) = {α ∈A ∣∣ α · (A · t) ⊆ A · t}= {α ∈ A | αA · t ⊆ A · t} = {α ∈A | αA ⊆ A} = A.
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(iii) ⇒ (i). See [C2, (13.4)].
(iv) ⇒ (iii), and if A is local, (iii) ⇒ (iv), by Lemma 2.5. 
Finally, we recall a result about Hopf algebras in characteristic p.
Lemma 2.8. Let k be a perfect field of characteristic p > 0, and let H be a commutative
finite local k-Hopf algebra. Then, as a k-algebra, H is isomorphic to a truncated
polynomial algebra
H ∼= k[X1, . . . ,Xd ]
(X
q1
1 , . . . ,X
qd
d )
,
where q1, . . . , qd > 1 are powers of p. In particular, dimk(H) = q1 . . . qd is a power of p.
Proof. Since H is local, the finite group scheme Spec(k) is connected. The result then
follows from [Wat, 14.4]. 
3. Formal groups
For this section, let R be a complete discrete valuation ring with maximal ideal p and
with field of fractions K of characteristic 0. We will recall some facts concerning formal
groups over R.
Let Rc denote the integral closure of R in the algebraic closure Kc of K , and let pc
denote the maximal ideal of Rc . We again set Ω = Gal(Kc/K).
An n-dimensional formal group F = (F1, . . . ,Fn) over R consists of n formal
power series Fi(X,Y ) ∈ RX,Y  in the 2n indeterminates X = (X1, . . . ,Xn) and Y =
(Y1, . . . , Yn). These are required to satisfy the conditions
F(X,0) = X, F(0, Y ) = Y, F (F(X,Y ),Z)= F (X,F(Y,Z)).
It follows that Fi(X,Y ) ≡ Xi +Yi (mod deg 2), where we write f ≡ g (mod degm) if every
term in f −g has total degree at least m. By the inverse function theorem for formal power
series, there is an n-tuple of power series i(X) such that F(X, i(X)) = X = F(i(X),X).
The formal group F is commutative if F(Y,X) = F(X,Y ).
Let RX ⊗̂R RX denote the completion of the tensor product RX⊗R RX. Thus
RX ⊗̂R RX is the power series algebra RX ⊗ 1,1 ⊗ X in the 2n indeterminates
Xi ⊗ 1, 1 ⊗Xi . Define
∆ :RX → RX ⊗̂RX, ε :RX → R, λ :RX →RX
by
∆(g) = g(F(X ⊗ 1,1 ⊗X)), ε(g) = g(0), λ(g) = g(i(X)).
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axioms are satisfied, except that the comultiplication ∆ takes values in RX ⊗̂R RX
instead of in RX ⊗R RX, and all the structure maps are continuous. We write RXF
for this formal Hopf algebra.
Now let φ :RXF → H be a surjective homomorphism of (formal) R-Hopf algebras,
where H is a finite R-Hopf algebra of rank q say. Then H is commutative and local, since
RX has these properties. By Lemma 2.6, H ⊗R K = MapΩ(Γ,Kc) where Γ is some
Ω-group of order q . The elements of Γ are the R-algebra homomorphisms γˆ :H → Rc .
Thus we have an injective R-algebra homomorphism
Γ̂ :H → (Rc)q, h → (γˆ (h))
γˆ∈Γ .
Equivalently, we may regard each element γˆ of Γ as an n-tuple γ = (γ1, . . . , γn) where
γi = γˆ ◦ φ(Xi) ∈ Kc, or more briefly,
γ = γˆ ◦ φ(X). (3.1)
In fact, since H is local, γi ∈ pc for each i . The group operation on Γ is then given by
(γ, δ) → F(γ, δ). Thus, we are regarding the group Γ of points of the group scheme
Spec(H) as a finite subgroup of the points of the formal scheme associated to F .
Let K ′ be the field obtained by adjoining to K all components γi of all γ ∈ Γ . Then K ′
is a finite extension of K . Let R′ be the valuation ring of K ′. There is a faithful action of
Γ on R′X given by
f γ (X) = f (F(X,γ )). (3.2)
Lemma 3.1. Let φ :RXF → H be as above, with F commutative. Let
A = {f ∈RXF ∣∣ f γ (X) = f (X) for all γ ∈ Γ }.
Then A is a formal sub-Hopf algebra of RXF , and the kernel of φ is A+RXF .
Proof. First, let B be the Hopf kernel of φ:
B = {f ∈RXF ∣∣ (id ⊗ φ)∆(f ) = f ⊗ 1 ∈RXF ⊗H}.
We claim that B is a formal sub-Hopf algebra of the commutative, cocommutative formal
Hopf algebra RXF , and that the kernel of φ is B+RXF . The corresponding statement
for a Hopf algebra H over a field is well-known; see, e.g., [S, Lemmas 16.0.2, 16.1.1].
Essentially the same proof works over an arbitrary commutative ring R, provided that B
is an R-module direct summand of H (see [C2, Section 4, especially (4.10) and (4.21)];
note that in (4.20), the finiteness assumption is only needed for H , and not for H itself).
It is easily verified that the argument is still valid for formal Hopf algebras: simply replace
all tensor products by completed tensor products, and observe that all the maps considered
are continuous. We will show, using Lemma 3.2, that in our setting B is indeed a direct
summand of RXF .
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topology in which the subsets m + pnM for n  0 form a basis of open neighbourhoods
of m ∈ M . The R-module RX = RXF is complete not only in its usual topology as a
ring of power series over R, but a fortiori in its p-adic topology. Also, as B is the kernel of
a continuous homomorphism to the torsion-free R-module RX ⊗ H , it follows that the
submodule B of RX is closed, and therefore complete, in the p-adic topology, and that
the quotient RX/B is torsion-free. Thus, Lemma 3.2 shows that B is a direct summand
of RX, as required.
We have now proved the claim that B has all the properties asserted for A. It remains to
show that A = B . Set H ′ = H ⊗R R′. We will show that, for f ∈R′XF ,
f γ = f for all γ ∈ Γ ⇐⇒ (id ⊗ φ)∆(f ) = f ⊗ 1 ∈ R′XF ⊗R′ H ′.
This will suffice as we can then take fixed points under Ω . Now in R′XF ⊗R′ R′ =
R′XF we have
f γ (X) = f (F(X,γ ))= f ((id ⊗ γˆ ◦ φ)∆(X))= (id ⊗ γˆ ◦ φ)∆(f (X))
by (3.1). Thus,
f γ = f for all γ ∈ Γ ⇐⇒ (id ⊗ γˆ ◦ φ)∆(f ) = f ⊗ 1 for all γ ∈ Γ
⇐⇒ (id ⊗ Γ̂ )(id ⊗ φ)∆(f ) = (f ⊗ 1)γ∈Γ
⇐⇒ (id ⊗ Γ̂ )(id ⊗ φ)∆(f ) = (id ⊗ Γ̂ )(f ⊗ 1)
⇐⇒ (id ⊗ φ)∆(f ) = f ⊗ 1,
where in the last line we use that fact that Γ̂ is injective. 
We now give the result on direct summands used in the proof of Lemma 3.1. This
follows from much more general results of Warfield [War] on pure-injective modules.
Recall that R is a complete discrete valuation ring with maximal ideal p. An R-module
M is reduced if
∞⋂
n=1
pnM = {0}.
Clearly, any submodule of M = RX is reduced.
Lemma 3.2. Let B be a reduced torsion-free submodule of an R-module M . Suppose that
B is complete in its p-adic topology, and also that the quotient M/B is torsion-free. Then
B is a direct summand of M .
Proof. We first show that B is a pure-injective R-module. By [War, Theorem 2] it suffices
to show that B is algebraically compact. We check this using the criterion of [War,
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any family of subsets of the form xi + pniB has the following property: if the intersection
of any finite subfamily is nonempty, then the intersection of the whole family is also
nonempty. This condition is easily seen to be equivalent to the completeness of B in its
p-adic topology, which holds by assumption. Thus, B is indeed pure-injective. But M/B
is torsion-free, so B is a pure submodule of M by [War, Corollary 5]. Hence, B splits off
as a direct summand of M . 
Returning to our discussion of formal groups, let F (respectively G) be a formal group
over R of dimension n (respectively m). A homomorphism f :F → G of formal groups
is an m-tuple f = (f1, . . . , fm) of power series in n indeterminates such that f (0)= 0 and
f (F (X,Y ))= G(f (X),f (Y )).
The next result follows easily from the Inverse Function Theorem for power series.
Proposition 3.3. Let h = (h1, . . . , hn) be an n-tuple of power series over R in the n
indeterminates X1, . . . ,Xn. Suppose that h(0) = 0, and that the Jacobian matrix
J (h) =
(
∂hi
∂Xj
∣∣∣∣
X=0
)
ij
is invertible over R. Then h has a composition inverse h−1 consisting of power series
over R. Thus, given any n-dimensional formal group F over R, we may define a new
formal group G over R by setting
G(X,Y ) = h(F (h−1(X),h−1(Y ))),
and h :F →G is then an isomorphism of formal groups over R.
Let f :F →G be a homomorphism of formal groups over R. We consider the quotient
Hf = RXF
(f )
,
where (f ) is the ideal in RX generated by f1, . . . , fm. (Here m is the dimension of G).
Then Hf inherits the structure of a formal R-Hopf algebra. If Hf is finitely generated as
an R-module, then Hf is an R-Hopf algebra (not merely a formal one).
Definition 3.4. Let f :F → G be a homomorphism between formal groups of the same
dimension over R. Then f is an isogeny if Hf is a finite R-Hopf algebra.
Remark 3.5. The meaning of the term isogeny in this context does not seem to be
completely standard. For 1-dimensional formal groups, Fröhlich [F2] defines an isogeny to
be any non-zero homomorphism. It is important to realise that a non-zero homomorphism
of formal groups over R need not be an isogeny in our sense, even if it induces an
isomorphism of formal groups over K . This is illustrated by the following example.
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1-dimensional formal group
F(X,Y ) = X + Y + pXY = 1
p
(
(1 + pX)(1 + pY) − 1).
Let f be the p-power map on F ,
f (X) = 1
p
(
(1 + pX)p − 1)= pX + 1
2
(p − 1)p2X2 + · · · + pp−1Xp.
Then f is a non-zero endomorphism and induces an isomorphism of formal groups over K .
Since all the coefficients in f are divisible by p, however, the quotient Hf is not finitely
generated as an R-module.
Using a result of Moss [Mo, (2.1)], we can construct Galois Hf -objects from an
isogeny f .
Lemma 3.7. Let f :F → G be an isogeny of n-dimensional formal groups. Let c =
(c1, . . . , cn) with each ci ∈ p. Then the R-algebra
Sc = RT1, . . . , Tn
(f1(T )− c1, . . . , fn(T )− cn)
is a Galois Hf -object, with Hf -comodule algebra structure induced by Ti → Fi(T ⊗ 1,
1 ⊗X). 
We note that, although only commutative formal groups are considered in [Mo], the
commutativity assumption is not used in the proof of Lemma 3.7. In the commutative
case, a lot more is true. Let F(p) (respectively G(p)) denote the set of n-tuples c as in
Lemma 3.7, with the group operation determined by F (respectively G). Then the map
c → Sc induces an isomorphism of groups from G(p)/f (F (p)) to the group Gal(Hf ) of
isomorphism classes of Galois Hf -objects [Mo, (2.9)].
4. Some results over a perfect field
In this section we give some results on algebras A over an arbitrary perfect field k. The
field we have in mind is the residue field of R.
We write J (A) for the Jacobson radical of a k-algebra A, and set
dr(A)= dr(A; k)= dimk
(
J r(A)/J r+1(A)
)
for r  0.
We will nearly always be concerned with algebras for which d0(A) = 1, that is,
A/J (A) = k (so A is local with residue field k). We say that A is monogenic if A = k[x]
for some x ∈ A.
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Then A is monogenic if and only if d1(A) = 1. Moreover, we then have dr(A) = 1 for all
r < n.
Proof. Let J = J (A). First, suppose that A is monogenic, say A = k[x]. As A/J ∼= k,
we have x − a ∈ J for some a ∈ k. Replacing x by x − a, we may assume that A = k[x]
with x ∈ J . Then the elements 1, x, x2, . . . , xn−1 form a k-basis of A, and for each r < n,
the elements xr, xr+1, . . . , xn−1 form a k-basis of J r . Thus dr(A) = 1 for all r < n. In
particular, d1(A) = 1.
Conversely, suppose that d1(A) = 1, and let x ∈ J\J 2. Then J = kx + J 2, and by
induction J r = kxr + J r+1 for 1  r < n. Thus A/J r+1 is spanned by the images of
1, x, . . . , xr . Since J n = 0, it follows that A is spanned by the powers of x , so A = R[x] is
monogenic. 
A more elaborate criterion for monogeneity can be given when d0(A) > 1; see [G].
Proposition 4.2. Let A and B be finite-dimensional k-algebras. Then
J r(A⊗B) =
∑
s+t=r
J s(A)⊗ J t (B) for r  1 (4.1)
and
dr(A⊗k B) =
∑
s+t=r
ds(A)dt(B). (4.2)
Proof. Consider the ideal I = J (A) ⊗ B + A ⊗ J (B) in A ⊗ B . Clearly, I ⊆ J (A ⊗ B)
since I is nilpotent. On the other hand,
A⊗B
I
∼=
(
A
J(A)
)
⊗
(
B
J(B)
)
,
which is semisimple since k is perfect. Thus J (A⊗B) ⊆ I . We have therefore shown that
J (A⊗B) = A⊗ J (B)+ J (A)⊗B , and (4.1) follows by induction.
Choose a k-basis a1, . . . , am for A such that, for each r , precisely dr(A) of the ai lie
in J r(A)\J r+1(A). Choose a basis b1, . . . , bn for B in the same way. It then follows from
(4.1), and the corresponding expression for J r+1(A ⊗ B), that J r(A ⊗ B)/J r+1(A ⊗ B)
has a k-basis consisting of the images of ai ⊗ bj where ai ∈ J s(A)\J s+1(A) and bj ∈
J t (B)\J t+1(B) with s + t = r . Counting these basis elements gives (4.2). 
Corollary 4.3. Let A be a finite dimensional k-algebra, let k′ be a finite extension of k,
and set A′ = A ⊗k k′. Then dr(A′; k′) = dr(A; k) for all r . In particular, suppose that
d0(A; k) = 1. Then A′ is monogenic as a k′-algebra if and only if A is monogenic as
a k-algebra.
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r  0. Also d0(k′; k) = f and dr(k′; k) = 0 for r > 0. It then follows from (4.2) that
dr(A
′; k) = dr(A; k)d0(k′; k) = f dr(A; k) for all r , so that dr(A′; k′) = dr(A; k). Now
suppose that d0(A) = 1. Then d0(A′; k′)=1, and the statement about monogeneity follows
from Proposition 4.1. 
Corollary 4.4. Let H be a finite local commutative k-Hopf algebra, and let S be a Galois
H -object. Then dr(S) = dr(H) for all r . In particular, S is local with residue field k, and
S is monogenic if and only if H is.
Proof. The map γ :S ⊗ S → S ⊗ H in Definition 2.1 is an isomorphism of k-algebras,
since S and H are commutative. Thus dr(S ⊗ S) = dr(S ⊗H) for all r .
Now let n be such that J n(S) = 0 = J n−1(S). Then dr(S) > 0 for all r < n and
dr(S) = 0 for all r  n. Also
n−1∑
r=0
dr(S) = dimk(S) = dimk(H).
Applying (4.2) to S ⊗ S and S ⊗ H for r = 0,1, . . . , n − 1 successively, we obtain
dr(S) = dr(H) for all r < n. Comparing dimensions, we also have dr(S) = dr(H) = 0
for r  n. In particular, d0(S) = 1 since H is a local Hopf algebra. Thus, S is local with
residue field k, and the final assertion now follows from Proposition 4.1. 
We now consider algebras of formal power series over k. Let X = (X1, . . . ,Xn) be an
n-tuple of indeterminates, and let kX denote the algebra of formal power series in these
indeterminates. For each n-tuple α = (α1, . . . , αn) of non-negative integers, we write Xα
for the monomial Xα11 . . .X
αn
n .
Now kX is endowed with its usual valuation which assigns to each monomial Xα
its total degree |α| = ∑i αi . It will be convenient to consider a more general class of
valuations on kX, in which possibly different weights are assigned to the indeterminates
X1, . . . ,Xn.
For the rest of this section, we fix integers q1, . . . , qn  1 and set q = q1 . . . qn.
Definition 4.5. Let R be any commutative ring. The weight function wt :RX → Z∪{∞}
attached to q1, . . . , qn is determined by
wt(Xi) = q/qi for 1 i  n,
and
wt
(∑
α
cαX
α
)
= inf
α
{∑
i
αi wt(Xi)
∣∣∣∣ cα = 0
}
(so wt(0)= ∞).
For g,h ∈ RX, we write g ≡ h (mod wtm) if g − h =∑α cαXα with cα = 0 for all
α such that wt(Xα) <m.
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on RX. For the rest of this section, we take R = k. The usual valuation on kX is
obtained by taking qi = 1 for all i . For any choice of the qi , we have wt(g) > 0 if and only
if g is in the maximal ideal of kX, so the valuation wt induces the usual topology on
kX.
Proposition 4.6. Let A be a subring of kX such that we have the following equality of
ideals in kX:
J (A)kX = (Xq11 , . . .Xqnn ).
Then there exist f1, . . . , fn ∈A such that
fi(X) ≡ Xqii (mod wtq + 1) for 1 i  n.
Proof. Let M be the maximal ideal of kX. Thus M consists of all power series of
positive weight, and kX = k ·1⊕M as k-modules. By hypothesis, J (A)kX contains the
elements Xqii of weight q , but no elements of smaller weight. In particular, every element
of J (A)M has weight at least q + 1, and
X
qi
i ∈ J (A)kX = J (A)+ J (A)M.
Thus, Xqii ≡ fi (mod wtq + 1) for some fi ∈ J (A). 
Our goal for the rest of this section is to show that the fi in Proposition 4.6 generate
a subring of A over which kX is a free module of rank q . Thus, we fix an n-tuple
f = (f1, . . . , fn) of elements of kX such that
fi(X) ≡ Xqii (mod wtq + 1) for 1 i  n. (4.3)
Let
B = kf1, . . . , fn
be the subring of kX generated topologically by f . Then any element b of B can be
written
b =
∑
β
cβf
β, cβ ∈ k,
where we write f β for f1(X)β1 . . . fn(X)βn , and the sum is over all n-tuples β of non-
negative integers.
Proposition 4.7. For each n-tuple β we have
wt
(
f β
)= q|β| (4.4)
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f β ≡ Xq1β11 . . .Xqnβnn
(
mod wtq|β| + 1). (4.5)
Proof. This is immediate from (4.3) and the definition of wt. 
Proposition 4.8. Let m ∈ Z and let b = ∑β cβf β ∈ B , with coefficients cβ ∈ k. If
wt(b) > m then wt(cβf β) >m for each β .
Proof. There is nothing to prove for m< 0. Suppose for a contradiction that b is a coun-
terexample with m  0 minimal, and let S = {β | wt(cβf β) = m}. Then wt(b) > m,
wt(cβf β)m for each β , and S is nonempty. For each β ∈ S we have cβ = 0 and, from
(4.4), q|β| = m. Hence, using (4.5),
b ≡
∑
β∈S
cβf
β ≡
∑
β∈S
cβX
q1β1
1 . . .X
qnβn
n (mod wtm+ 1).
As the monomials in the last sum are distinct and have weight m, it follows that wt(b)= m,
contrary to hypothesis. 
Proposition 4.9. Let m 0 and suppose that g ∈ kX can be written in the form
g =
∑
α
bαX
α, bα ∈B,
where the sum is over the n-tuples α with 0 αi  qi − 1 for 1 i  n. If wt(g) > m then
wt(bα) > m− wt(Xα) for each α.
Proof. Again, take a counterexample with m minimal, and let
T = {α ∣∣ wt(bα) = m− wt(Xα)}.
Then wt(g) > m, wt(bα)m − wt(Xα) for each α, and T is nonempty. For each α ∈ T ,
write
bα =
∑
β
cαβf
β, cαβ ∈ k.
By Proposition 4.8, we have
wt
(
cαβf
β
)
m− wt(Xα)
for each β . Let
Sα =
{
β
∣∣ wt(cαβf β)= m− wt(Xα)}.
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g ≡
∑
α∈T
∑
β∈Sα
cαβX
q1β1+α1
1 . . .X
qnβn+αn
n (mod wtm+ 1).
The monomials occurring in the double sum have weight m, and are distinct since
0 αi < qi for each i . Thus wt(g) = m, contrary to hypothesis. 
Proposition 4.10. For every g ∈ kX and for every m 1, there exist coefficients b(m)α ∈B
such that
g ≡
∑
α
b(m)α X
α (mod wtm), (4.6)
where the sum is over those n-tuples α with 0 αi  qi − 1 for each i .
Proof. The assertion holds for m = 1 with b(1)0 = g(0) and b(1)α = 0 for all α = 0 =
(0, . . . ,0). We proceed by induction on m. Assuming (4.6) for a fixed m and for every
g ∈ kX, let
e(X) = g(X) −
∑
α
b(m)α X
α.
Then wt(e)m 1. Define ei(X) ∈ kX for i = 1, . . . , n successively by
e(X1, . . . ,Xi,0, . . . ,0) =
i∑
j=1
Xjej (X).
Then
e(X) =
n∑
i=1
Xiei(X), wt(ei)m− wt(Xi).
By the induction hypothesis, we may write
ei(X) ≡
∑
γ
biγ X
γ (mod wtm)
for some biγ ∈ B , where the sum is over n-tuples γ with 0 γj  qj − 1 for each j . By
Proposition 4.9, we have wt(biγ Xγ )  m − wt(Xi). Thus, as wt(Xi)  1 for each i , we
have
e(X) =
n∑
Xiei(X) ≡
∑∑
biγ XiX
γ (mod wtm+ 1).i=1 i γ
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b ∈ B and some n-tuple α with 0  αj  qj − 1 for each j . Adding the coefficients b to
the corresponding coefficients b(m)α in (4.6) will then give the required coefficients b(m+1)α .
This will complete the induction. If γi < qi −1, the claim is clear since XiXγ = Xα where
αi = γi + 1 < qi and αj = γj for j = i . Now consider a term biγ XiXγ with γi = qi − 1.
Let α be the n-tuple with αi = 0 and αj = γj for j = i . Then
wt
(
biγ X
α
)= wt(biγXγ )− (qi − 1)wt(Xi)m− qi wt(Xi) = m− q,
so, using (4.3),
biγ XiX
γ = biγ Xqii Xα ≡ biγ fiXα (mod wtm+ 1).
Thus biγXiXγ ≡ bXα (mod wtm+ 1), with b = biγ fi ∈B , as claimed. 
Lemma 4.11. kX is a free B-module of rank q , on the basis Xα as α ranges through the
monomials with 0 αi  qi − 1 for 1 i  n.
Proof. We must show that, given g ∈ kX, we have
g =
∑
α
bαX
α (4.7)
for uniquely determined coefficients bα ∈B .
For each m, we have
g ≡
∑
α
b(m)α X
α (mod wtm)
for some b(m)α ∈ B , by Proposition 4.10. Then∑
α
(
b(m+1)α − b(m)α
)
Xα ≡ 0 (mod wtm),
so that wt(b(m+1)α − b(m)α )m − wt(Xα) by Proposition 4.9. Since B is complete, and its
topology is induced by the restriction of the valuation wt to B , we may therefore define
bα = lim
m→∞ b
(m)
α ∈B,
and these coefficients bα satisfy (4.7).
For uniqueness in (4.7), let
g =
∑
α
bαX
α =
∑
α
b′αXα.
Then, using Proposition 4.9 again, we have wt(bα − b′α)m for each α and each m 0,
so that bα = b′α for each α. 
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In this section and the next, R is as in the introduction. Thus, R is a complete discrete
valuation ring whose field of fractions K is of characteristic 0. Let π be a fixed generator
of the maximal ideal p of R, and let k = R/p be the residue field of R. Recall that k is
assumed to be perfect of characteristic p > 0. From now on, we will use overlining to
indicate reduction mod p. Thus, if S is an R-algebra then S will denote S ⊗R k, and for
s ∈ S, the image of s in S will be denoted by s.
Our goal in this section is to prove our embedding theorem (Theorem 5.4) which states
that every finite abelian local R-Hopf algebra H is of the form Hf for an isogeny f of
a special type between formal groups.
Lemma 5.1. Let H be a finite commutative local R-Hopf algebra of rank q , and
let d be the minimal number of generators of H as an R-algebra. Then there exist
integers q1, . . . , qd > 1, and polynomials g1(X), . . . , gd(X) in the d indeterminates X =
(X1, . . . ,Xd), such that H is isomorphic as an R-algebra to
R[X1, . . . ,Xd ]
(g1(X), . . . , gd(X))
,
and the gi(X) satisfy
gi(0) = 0, gi(X) ≡ Xqii
(
modpR[X]).
Moreover, the qi are powers of p, and q1 . . . qd = q .
Proof. Since H is a local commutative k-Hopf algebra, we have
H = k[X1, . . . ,Xd ]
(X
q1
1 , . . . ,X
qd
d )
,
for some integer d , and some q1, . . . , qd > 1, all powers of p, by Lemma 2.8. Clearly,
q1 . . . qd = q , and d is the minimal number of generators of H as a k-algebra. By
Nakayama’s lemma, this is the same as the minimal number of generators of H as an
R-algebra. Now for 1  i  d , pick a preimage xi in H of Xi ∈ H . Replacing xi by
xi − ε(xi), we may assume that xi ∈ H+. By Nakayama’s lemma again, the monomials
x
α1
1 . . . x
αd
d with 0  αi  qi − 1 span H over R. Since xqii = 0 in H , this means that
there are polynomials fi(X1, . . . ,Xd) ∈ R[X] with xqii = πfi(x). As xi ∈ H+, we have
fi(0) = 0. We may then take gi(X) = Xqii − πfi(X). 
Lemma 5.2. Let H be as in Lemma 5.1, and for 1 i  d let xi be the image in H of the
indeterminate Xi . Then there exists a formal group F over R of dimension n= q − 1, and
a homomorphism of ( formal) Hopf algebras φ :RXF →H such that
φ(Xi) =
{
xi if i  d;
0 if i > d.
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Proof. Extend 1, x1, . . . , xd to an R-basis 1, x1, . . . , xn of H , where xi ∈ H+ for all i .
For i > d , we then have xi = mi(x1, . . . , xd) for some polynomial mi with mi(0)= 0. For
i  1 we have
∆(xi) = xi ⊗ 1 + 1 ⊗ xi +
n∑
j,k=1
cijkxj ⊗ xk
for some coefficients cijk ∈ R, since xi ∈ H+. We may then define an n-dimensional
polynomial formal group G over R of degree 2 by setting
Gi(X,Y ) = Xi + Yi +
n∑
j,k=1
cijkXjYk for 1 i  n.
The associativity of G follows from the coassociativity of H , as in [C2, Section 37], and
clearly F is commutative if H if cocommutative. It is immediate from the construction
that there is a continuous homomorphism ψ :RXG → H of (formal) R-Hopf algebras
determined by ψ(Xi) = xi for all i .
We now adjust the pair (G,ψ) to produce the required (F,φ). Define h = (h1, . . . , hn)
by hi(X) = Xi for i  d and hi(X) = Xi − mi(X1, . . . ,Xd) for i > d . Using Proposi-
tion 3.3 (or directly), we see that h is invertible, so that F(X,Y ) = h(G(h−1(X),h−1(Y ))
is a formal group over R, and h :G → F is an isomorphism of formal groups. Thus,
h induces an isomorphism h∗ :RXF → RXG of formal R-Hopf algebras, where
h∗(Xi) = hi(X) for each i . We set
φ = ψ ◦ h∗ :RXF →H.
Then φ(Xi) = xi for i  d , while for i > d we have
φ(Xi) = ψ
(
Xi −mi(X1, . . . ,Xd)
)= xi −mi(x1, . . . , xd) = 0.
Thus, F and φ are as required. 
Remark 5.3. The special form of h in the proof of Lemma 5.2 means that both h and h−1
are given by polynomials. Thus, F is in fact a polynomial formal group (but not in general
of dimension 2) and can be determined explicitly.
Theorem 5.4 (Embedding theorem). Let H be a finite abelian local R-Hopf algebra of
rank q , and let d and q1, . . . , qd be as in Lemma 5.1. Let n = q − 1, and for d + 1 i  n
set qi = 1. Let wt be the weight function on kX = kX1, . . . ,Xn attached to these
parameters q1, . . . , qn, as in Definition 4.5. Then there exist formal groups F , G over
R of dimension n = q − 1, and an isogeny f :F → G such that Hf ∼= H , with fi(X) ≡
X
qi (mod wtq + 1) for i  d and fi(X) = Xi for i > d .i
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have ker(φ) = A+RX, where
A = {f ∈RX ∣∣ f γ (X) = f (X) for all γ ∈ Γ }
is a formal sub-Hopf algebra of RX. (Recall that Γ is the group of points of Spec(H),
viewed as n-tuples of elements of pc.)
We extend the notation of Lemma 5.1 by setting gi(X) = Xi for d + 1 i  n. Then
H = R[X1, . . . ,Xn]
(g1(X), . . . , gn(X))
with gi(X) ≡ Xqii (mod pRX),
and φ induces a homomorphism
φ : kXH = k[X1, . . . ,Xn]
(X
q1
1 , . . . ,X
qn
n )
of (formal) k-Hopf algebras. Hence, ker(φ) = A+kX. Since A+ = J (A), Proposi-
tion 4.6 ensures there exist f1, . . . , fn ∈A such that
fi ≡ Xqii (mod wtq + 1) (5.1)
in kX. For each i , take a preimage of fi in A+ (which we again denote by fi ) such that
(5.1) still holds as a congruence in RX. Let B = Rf1, . . . , fn be the subring of RX
generated topologically by the fi . By Lemma 4.11, kX is free of rank q as a module over
the reduction B = kf1, . . . , fn of B , and the monomials Xα with 0 αi  qi − 1 form
a B-basis of kX. It follows that RX is a free B-module of rank q on the same basis.
We claim that B = A. The inclusion B ⊆ A is clear. For the reverse inclusion, it will
suffice to show that
A⊗R R′ ⊆ B ⊗R R′, (5.2)
where R′ is the valuation ring of the field K ′ obtained by adjoining to K all the components
of all the n-tuples γ ∈ Γ . Let A′ = A⊗R R′ and B ′ = B⊗R R′, and let N (respectively M ,
respectively L) be the field of fractions of the integral domain B ′ (respectively A′,
respectively R′X). The action (3.2) of Γ on R′X induces a faithful action of Γ as
automorphisms of L fixing M . Since Γ has order q , we deduce by Galois theory that the
degree of the field extension L/M is at least q . On the other hand, the q monomials Xα
form a B ′-basis of R′X, so L/N has degree q . Since N ⊆ M , we conclude that N = M .
Moreover, for a ∈R′X we may write
a =
∑
α
bαX
α, bα ∈ B ′.
In particular, if a ∈ A′ then, since A′ ⊂ M = N and the Xα are linearly independent
over N , we have a = b0 ∈ B ′. Thus (5.2) holds. We have now established the claim that
A = B = Rf1, . . . , fn.
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∆(fi) = Gi(f1 ⊗ 1, . . .fn ⊗ 1,1 ⊗ f1, . . . ,1 ⊗ fn)
for some power series Gi(X,Y ) ∈ RX,Y . This defines a formal group G = (G1, . . . ,Gn)
over R whose formal Hopf algebra is A = Rf1, . . . , fnG. But, from the very definition
of the comultiplication on RXF , we have ∆(fi(X)) = fi(F (X,Y )) for each i , so the
n-tuple of power series f = (f1, . . . , fn) gives a homomorphism f :F → G of formal
groups. We have
Hf = RXF
(f )
= RXF
A+RXF
= H,
whence f is an isogeny.
By (5.1) we have fi(X) ≡ Xi (mod wtq+1) for i > d . To complete the proof, we adjust
F and f to ensure that fi(X) = Xi for i > d . Define h = (h1, . . . , hn) by hi(X) = Xi if
i  d and hi(X) = fi(X) if i > d . Then hi(X) ≡ Xi (mod wtq + 1) for 1  i  n, and
the Jacobian J (h) is the identity matrix. Thus h is invertible. Set fˆ = f ◦ h−1 and write
Y = h(X). Then fˆi (X) ≡ Xqii (mod wtq + 1) for each i , and for i > d we have
fˆi (Y ) = fi
(
h−1(Y )
)= fi(X) = hi(X) = Yi,
so that fˆi (X) = Xi . Thus, by Proposition 3.3, we may replace f by fˆ and F(X,Y ) by
h(F (h−1(X),h−1(Y )) to obtain a formal group F and an isogeny f :F → G with the
properties stated. 
Remark 5.5. Expressing part of Theorem 5.4 in geometric terms, we obtain the following
assertion: any finite flat connected commutative affine group scheme over Spec(R) is
isomorphic to the kernel of an isogeny of formal groups over R. Somewhat similar
statements can be found in the literature: see [O], [M, (2.4)], and [MR, (5.1)]. These
however do not appear to guarantee an isogeny of the form we require. Oort and Mumford
[OM, (5.2)] have shown that, over a field of characteristic p > 0, any commutative,
cocommutative local Hopf algebra H requiring d generators can be obtained as the kernel
of an isogeny of d-dimensional commutative formal groups. Their methods do not seem to
be applicable in mixed characteristic.
Remark 5.6. Part of the proof of Theorem 5.4 is modelled on an argument of Lubin [L]
(see also [F2, pp. 112–119]) which shows that any finite subgroup of the group of points
of a 1-dimensional formal group is the kernel of an isogeny.
Remark 5.7. Underwood [U] has given explicit realisations of some Hopf algebras of rank
p2 from isogenies of polynomial formal groups of dimension 2.
Theorem 5.4, together with the above remarks, suggests several questions. Can any
commutative finite local Hopf algebra H requiring d generators be obtained as the
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cocommutative? Is it true if we allow only polynomial formal groups? If H has rank pm,
can H be obtained from an isogeny of m-dimensional formal groups?
6. Hopf–Galois theory for valuation rings
In this section, we obtain the main result of the paper by applying Theorem 5.4 to
determine when H has a Galois object which is the valuation ring of some extension of K .
We then reformulate the result in terms of Galois A-algebras, where A is the dual of H .
Theorem 6.1. Let H be a finite abelian local R-Hopf algebra. Then the following are
equivalent:
(i) there exists a Galois H -object S which is the valuation ring of some extension field L
of K;
(ii) H is monogenic as an R-algebra.
If H is only assumed to be commutative (and not necessarily cocommutative) then the
implication (i) ⇒ (ii) still holds.
Proof. We first show (i) ⇒ (ii). Since k is perfect, the valuation ring S is necessarily
monogenic over R (see, e.g., [F1, p. 33]). Thus, S is a monogenic k-algebra. Now S is a
Galois H -object, so H is monogenic over k by Corollary 4.4. By Nakayama’s lemma, H
is then monogenic over R.
Conversely, suppose that H is monogenic, say of rank q , and that H is cocommutative.
We apply Theorem 5.4 with d = 1, so q1 = q and qi = 1 for 2  i  n = q − 1. This
gives an isogeny f :F → G of formal groups of dimension n such that Hf ∼= H , with
f1(X) ≡ Xq1 (mod wtq + 1) and fi(X) = Xi for i  2.
Now choose c ∈ p\p2. Taking the n-tuple (c,0, . . . ,0) in Lemma 3.7, we have a Galois
H -object
S = RT1, . . . , Tn
(f1(T )− c, f2(T ), . . . , fn(T )) =
RT 
(f1(T )− c,T2, . . . , Tn)
∼= RT1
(g(T1) − c) ,
where we have set g(T1) = f1(T1,0, . . . ,0). Then
g(T1) ≡ T q1 (mod degq + 1),
and by the Weierstrass preparation theorem we have
g(T1) − c = p(T1)u(T1),
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series. Thus, p(T1) is irreducible over K , and we have
S ∼= RT1
(p(T1))
as R-algebras. If t is any zero of p(T1) in Kc, then t ∈ pc and S = R[t] is the valuation
ring of the extension field L = K(t) of K . 
Corollary 6.2. Let H be a finite abelian local R-Hopf algebra. Let R′ be the valuation
ring of a finite extension field K ′ of K , and let H ′ be the R′-Hopf algebra H ⊗R R′. Then
the following are equivalent:
(i) there exists a Galois H -object S which is the valuation ring of some extension field L
of K;
(ii) there exists a Galois H ′-object S′ which is the valuation ring of some extension field
L′ of K ′.
Proof. By Corollary 4.3 and Nakayama’s lemma, H is monogenic over R if and only if
H ′ is monogenic over R′. The result now follows from Theorem 6.1. 
We now make the translation from Galois objects to Galois algebras, giving a result on
the occurrence of Hopf orders as associated orders.
Theorem 6.3. Let A be an R-Hopf order in a finite-dimensional abelian K-Hopf
algebra A. Suppose that both A and its dual Hopf algebra H are local rings. Then the
following are equivalent:
(i) H is monogenic as an R-algebra;
(ii) there is an extension field L of K which is a Galois A-algebra and whose valuation
ring S has A as its associated order in A.
If A is only assumed to be cocommutative (and not necessarily commutative) then the
implication (ii) ⇒ (i) still holds. Moreover, for any L as in (ii), S is a Galois A-algebra,
and S is free as an A-module.
Proof. If S is as in (ii) then by Lemma 2.7, S is free over A and, since A is local, S is
a Galois A-algebra. Hence S is a Galois H -object, and by Theorem 6.1, H is monogenic.
Conversely, if H is monogenic and A is commutative, then by Theorem 6.1 there exists a
Galois H -object S which is the valuation ring in some extension field L of K . Then S is
a Galois A-algebra and L is a Galois A-algebra. Finally, A coincides with the associated
order A(S) by Lemma 2.7. 
The next result shows that if S satisfies the equivalent conditions in Theorems 6.1 or 6.3,
then S is totally ramified.
598 N.P. Byott / Journal of Algebra 275 (2004) 575–599Lemma 6.4. Let S be the valuation ring of a finite field extension L of K , and suppose
that S is a Galois H -object for some finite commutative R-Hopf algebra H . Then L/K is
totally ramified if and only if H is local.
Proof. H is local if and only if H/J (H) ∼= k, that is, d0(H ; k) = 1. On the other hand,
L/K is totally ramified if and only if S/J (S) ∼= k, that is, d0(S; k) = 1. Since S is a Galois
H -object, the result now follows from Corollary 4.4. 
We next consider the special case where A is a Hopf order in a group algebra A = K[G].
For the dual H of A to be local, its rank must be a power of p. From Theorem 6.3,
Lemmas 6.4 and 2.7, we then have the following result.
Corollary 6.5. Let G be a finite abelian p-group, and let A be a local Hopf order in the
group algebra K[G]. Then the following are equivalent:
(i) the dual Hopf algebra H of A is local and is monogenic as an R-algebra;
(ii) there exists a totally ramified field extension L of K , normal over K with Galois
group G, whose valuation ring S has A as its associated order.
If G is not assumed to be abelian then the implication (ii) ⇒ (i) still holds. Moreover, if
(ii) holds then S is a free A-module.
Remark 6.6. There are plenty of examples of monogenic cocommutative Hopf algebras.
A large family of these was constructed by Childs and Zimmermann [CZ], and the Hopf
algebras arising from isogenies of 1-dimensional polynomial formal groups are considered
in [CMS]. By Theorem 6.1, each of these has Galois objects which are valuation rings.
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